Given that the physical properties of polymeric liquids extend on a wide range of lengthscales, it is computationally convenient to represent them by coarse-grained (CG) descriptions at various granularities to investigate local and global properties simultaneously. This paper addresses how modeling the same system with mixed resolutions affects the consistency of the structural and thermodynamic properties, and shows that it is possible to formally derive interacting potentials that ensure consistency of the relevant physical properties in the mixed resolution region with the corresponding atomistic resolution simulations. The composition, temperature, and density dependences of such Mixed Resolution Potentials (MRPs) are investigated. In the limit of long polymer chains, where Markovian statistics is obeyed, the MRPs are analytically solved and decay with characteristic scaling exponents that depend on the mixture composition and CG resolution of the two components. Adopting MRPs simplifies the structure of multi-resolution simulations while quantitatively producing the structural and thermodynamical properties of the related atomistic systems such as radial distribution function and pressure.
In molecular liquids, understanding important phenomena such as phase transitions, nucleation, and crystal growth involves analyzing properties related on multiple scales in a complicated way. [1] [2] [3] [4] [5] Simultaneous access to different lengthscale resolutions, by modulating the granularity in the modeling of the molecules, has the advantage of being computationally efficient, [6] while retaining the desired information on all the lengthscales of interest.
In this spirit, a number of multi-resolution approaches have been developed, both at the quantum [7, 8] , and at the classical levels. [9] [10] [11] At the classical level, the most successful method is the Adaptive Resolution Simulations (AdResS) scheme, which involves density fluctuations and diffusion of molecules from the high resolution, often atomistic, region to a low-resolution coarse-grained region (and vice versa). However, molecules represented at different granularity interact through effective CG potentials that depend on both molecular The question, thus, remains if it is possible at all, in a generic multiscale resolution scheme, to construct a mixed resolution region, where molecules represented by different levels of coarse-graining are thermodynamically and structurally compatible; and if this mixed region can maintain consistencies of structural and thermodynamic properties with the related atomistic description. Thermodynamics and structural properties of the multiresolution approach should be independent of the CG representation, while correctly maintaining the properties of the underlying atomistic system. This study addresses these questions by building a mixed resolution region where molecules with different CG resolutions are shown to have thermodynamic and structural properties consistent with the atomistic descriptions. The study also answers the questions of how in a multi-resolution scheme the properties of the effective CG potentials, acting between molecules with equal and with different CG resolutions, are affected by the granularity of the models selected, and how the physical parameters characterizing the mixtures, including volume fraction, density, and temperature, affect the Mixed Resolution Poten-tials (MRPs). We take advantage of the fact that mixtures of multi-resolution polymeric liquids afford an analytical solution of the MRPs, because at low enough resolution the distributions of the CG sites along a long polymeric chain obey Markovian statistics. [12, 13] Starting from the Integral Equation theory of Coarse-Graining (IECG), [6, 12, 14] which combines the PRISM approach at the atomistic level [15] with our CG model, we extend the theory here to mixtures of identical polymer chains, but represented at two different CG resolutions. The granularity of the mixed resolution model adopted is low because it is only for these low resolution CG mixtures that it is possible to solve analytically the problem at hand. The method is demonstrated in the canonical ensemble, but other ensembles are possible.
We study a binary blend mixture of α and β homopolymers with degrees of polymerization of N α and N β . The polymer volume fraction for polymers with the same segmental volume is φ = n α N α /(n α N α + n β N β ), where n α and n β are the number of chains of type α and β in the mixture, respectively. [4] In addition, the monomer density for a given species of α is defined as ρ mα = ρ m φ α , where ρ m = (n α N α + n β N β )/V , and V is the volume of the system. Similarly, the chain density for a given species of α is defined as ρ cα = ρ mα /N α .
In the IECG approach, each polymer is coarse-grained into a number of CG sites (also called blobs), n bα , and the density of blobs for a given species, ρ bα , is related to ρ cα via ρ bα = ρ cα n bα . Figure 1 shows a snapshot of the IECG simulations for a mixed resolution mixture with n bα = 4 and n bβ = 1. In a shorthand notation this mixture is reported as n b4 /n b1 , where n b4 means that n bα = 4.
The generalized Ornstein-Zernike (OZ) matrix relation [16] for this binary system is expressed as a function of monomer sites and the CG (auxiliary) sites structural distributions in Fourier space asĤ
whereĤ(k),Ω(k), andĈ(k) are block matrices of rank 4 representing the total, intramolecular, and direct correlation functions for the aforementioned binary system, respectively. [16] Considering the intra and inter molecular correlations between monomers and CG units, and between CG units, and approximating the monomer-monomer direct correlation functions by their large-scale k → 0 behavior (c 0 ), the IECG equation for a mixture gives the total self and cross correlation functions between CG (blob) sites as 
whereĥ bb ββ (k) is obtained by interchanging α and β labels in the formula forĥ bb αα (k) and
where Γ bα = −N bα ρ mα c 0αα , N bα = N α /n bα and Γ bαβ = − N bα N bβ ρ mα ρ mβ c 0αβ and Λ is given by
where δΓ = n bα n bβ (Γ bα Γ bβ − Γ bαβ Γ bαβ ) and Ω mb α and Ω bb α are the intramolecular correlation functions that obey Gaussian statistics. [17] The direct correlation functions between CG sites in the mixture are then determined by solving the 2 × 2 OZ matrix equation for a mixture consisting of the blob sites only:
In the small k limit, the analytical solution of the direct correlations may be obtained by factoring out Γ bα , Γ bβ , and Γ bαβ fromĉ bαβ , respectively. This allows one to expand the direct correlations in k space and, after taking the limit of long polymer chains, one can neglect the contribution of large wave vectors and derive the direct self and cross correlation functions, which are thus approximated to the leading order aŝ
with
and
Note that k is expressed in units of R gbα and ζ = R gbβ /R gbα , where
Additionally, Γ bα = γ α Γ bαβ , Γ bβ = γ β Γ bαβ , and Γ bα γ β = Γ β γ α .
In the limit of a polymer binary mixture where the two components are given by the same polymer represented at two different levels of coarse-graining resolution, the equations are further simplified, considering that N α = N β , R gα = R gβ , and γ α γ β = 1. At liquid density it is possible to derive an analytical solution of the MRPs for the components in the multi-resolution mixture by considering that at liquid densities the closure to the generalized OZ equation can be assumed to follow the Mean Spherical Approximation (MSA). [13, 18] Furthermore, considering that the polymer chains are long enough to be well represented by chains of CG sites that follow a Markovian space distribution, the formal solution of the potentials for the multi-resolution mixture is readily calculated. Note that numerical potentials can be derived in more general cases of variable polymer density, length, and chemical nature by applying the HyperNetted Chain (HNC) closure approximation, which is very accurate for systems interacting through soft CG potentials. Numerical data from Molecular Dynamics (MD) IECG simulations reported in this paper make use of the HNC potential solved numerically.
In units of R gbα the MRPs between the components of the multi-resolution mixture are given as
These equations are appropriate approximations for the long-range repulsive component of the inter bead potentials (see Figure S3 ). The range of the MRP in units of R gbα is found to scale as (Γ bα (1 + ζ 4 /γ chains is more long-ranged in the mixture than in the pure polymer melts. This is because in the mixtures, the interactions are mediated by the mixture containing n b2 species, which are long-ranged: the many-body contributions to the pairwise potential between the n b4 species increase the range of their MRP. On the other hand, as the composition of n b2 species in the mixture increases, the many-body effects for this species propagate to longer distances, resulting in the increase of the range of MRP between the n b4 species. It is worth mentioning that similar behavior is observed for the CG interactions between n b4 and n b2 species (results not shown). polymer square end-to-end distance, R 2 , were extracted. The convergence of the related properties in the atomistic simulations are presented in the supplementary materials (SM). Figure 3 shows the effective CG force between various species in the n b4 /n b2 mixture at a volume fraction of φ = 0.5. For all species, the repulsive force increases and reaches a peak (inflection point of the MRP) at distances less than R gbα , and then decays gradually, resulting in a tail. The attractive force only appears at distances larger than R gbα . It is noticeable that in such mixtures the peak of the force for the higher resolution species appears at shorter distances, suggesting that the repulsive force for the higher level of CG is softer. with various resolutions representing a polymer melt with N = 300. All mixtures contain four-blob models (n b4 ): n b4 /n b1 , n b4 /n b2 , n b4 /n b6 , and n b4 /n b10 , where n bx indicates that the polymers are represented by x number of blobs. In particular, the pressure consistency is shown for various compositions for n b4 /n b2 at 503 K and 563 K. Note that the atomistic pressure values for this polymer melt at 503 K and 563 K are 343 ± 4 and 630 ± 3 atm, respectively. 
